Abstract. All 28-dimensional unimodular lattices with minimum norm 3 are known. Using this classification, we give a classification of ternary extremal self-dual codes of length 28. Up to equivalence, there are 6,931 such codes.
Introduction
As described in [21] , self-dual codes are an important class of linear codes for both theoretical and practical reasons. It is a fundamental problem to classify self-dual codes of modest length and determine the largest minimum weight among self-dual codes of that length. By the Gleason-Pierce theorem, there are nontrivial divisible self-dual codes over F q for q = 2, 3 and 4 only, where F q denotes the finite field of order q; this is one of the reasons why much work has been done concerning self-dual codes over these fields.
A ternary self-dual code C of length n is a code over F 3 satisfying C = C ⊥ where the dual code C ⊥ of C is defined as C ⊥ = {x ∈ F n 3 | x · y = 0 for all y ∈ C} under the standard inner product x · y. A ternary self-dual code of length n exists if and only if n ≡ 0 (mod 4). It was shown in [18] that the minimum weight d of a self-dual code of length n is bounded by d ≤ 3[n/12] + 3. If d = 3[n/12] + 3, then the code is called extremal.
All ternary self-dual codes of length ≤ 20 have been classified [5, 17, 20] . At length 24, the complete classification has not yet been done, but by showing that every ternary extremal self-dual code is generated by the rows of some Hadamard matrix of order 24, it is shown that there are exactly two inequivalent extremal self-dual codes [16] (see [14] for known results on the classification).
The aim of this paper is to establish the following classification.
Theorem 1.
There are exactly 6,931 inequivalent ternary extremal self-dual codes of length 28.
Generator matrices of all codes can be obtained electronically from [11] . All computer calculations in this paper were done using Magma [4] .
Self-dual codes and unimodular lattices
Let Z k be the ring of integers modulo k, where k is a positive integer. Although we shall exclusively deal with the special case k = 3 (and hence Z k = F 3 ) in later sections, we discuss the general case here since the presentation remains the same for all k. A code C of length n over
k | x · y = 0 for all y ∈ C} under the standard inner product x · y. Two Z k -codes C and C are equivalent if there exists a monomial (±1, 0)-matrix P with C = C · P = {xP | x ∈ C}. The automorphism group Aut(C) of C is the group of all monomial (±1, 0)-matrices P with
where N m is the number of vectors of norm m. The kissing number is the second nonzero coefficient of the theta series, that is, the number of vectors of L with minimum norm. Two lattices
For a Z k -code C of length n,
is a lattice, and A k (C) * = A k (C ⊥ ) holds (see e.g., [3, Lemma 3.1] ). In particular, C is self-dual if and only if A k (C) is unimodular. This construction of lattices from codes is called Construction A. Clearly, if Z k -codes C and C are equivalent, then the lattices A k (C) and A k (C ) are isomorphic. Indeed, if P is a monomial (±1, 0)-matrix and
where δ ij is the Kronecker delta. Clearly, A k (C) has a k-frame. Conversely, self-dual codes over Z k correspond to k-frames in unimodular lattices. To state this precisely and more generally, we consider an arbitrary integral lattice L in dimension n, and let F = {f 1 , . . . , f n } be a k-frame of L. Consider the mapping 
for a monomial (±1, 0)-matrix Q, the codes C and C are equivalent if and only if A k (C) · Q = A k (C ) for some monomial (±1, 0)-matrix Q. Let F and F denote the n × n matrices whose row vectors consist of the elements of F and F , respectively. Then
This implies that the codes C and C are equivalent if and only if
This occurs precisely when F P = QF for some P ∈ Aut(L).
Methods of classification
In this section, we describe our approach for classifying ternary extremal self-dual codes of length 28.
The minimum norm of a unimodular lattice in dimension 28 is at most 3 (see [6, Chapter 19] ). We say that such a unimodular lattice with minimum norm 3 is optimal. There are 38 non-isomorphic optimal unimodular lattices in dimension 28 [2] . In [2] , the 38 optimal unimodular lattices are denoted by R 28,1 (∅), R 28,2 (∅), . . . , R 28,36 (∅), R 28,37e (∅), R 28,38e (∅). These lattices have the following theta series:
In order to distinguish lattices, some polynomial m v (x) is defined in [2, p. 239]. We remark that the polynomial m v (x) has a misprint, namely, " v, α = 1" should be
If C is a self-dual code with minimum weight d, then A 3 (C) is a unimodular lattice with minimum norm min{3, d/3}. Thus, if C is an extremal self-dual code of length 28, then A 3 (C) is an optimal unimodular lattice. An extremal self-dual code C of length 28 has the following weight enumerator:
Since a codeword of weight 9 gives a vector of norm 3 in the lattice A 3 (C), A 3 (C) has exactly 2184 + 2 · 28 vectors of norm 3. Hence we have the following:
Lemma 3. Let C be a ternary extremal self-dual code of length 28. Then the lattice A 3 (C) has theta series (1).
Lemma 4.
Let L be an optimal unimodular lattice in dimension 28 having a 3- 
Proof. Since C has minimum weight 9, L has minimum norm 3. Hence L 0 has minimum norm 4 (see also [10, Lemma 1] ). Let u ∈ L * 0 \ L and write u as in (3) . Then by Lemma 4, we have
Since (u, u) ∈ Z we have (u, u) ≥ 3, and equality holds if and only if there exists a unique i 0 ∈ {1, . . . , 28} such that
and the assertion follows. For a lattice L, a vector u not necessarily in L, an integer m and a real number c, set
If there exists a 3-frame containing u 1 and u 2 , then
Proof. Immediate from Lemma 5.
Let L be a 28-dimensional optimal unimodular lattice with kissing number 2240. Let L 3 be the set {{x, −x}|(x, x) = 3, x ∈ L} and let S 3 be the set {x|(x, x) = 3, x ∈ L * 0 \ L}. We define the simple undirected graph Γ, whose set of vertices is the set of 1120 pairs in L 3 and two vertices {x, −x}, {y, −y} ∈ L 3 are adjacent if (x, y) = 0 and {x, y} ⊂ L 3,3/2 (u) for any u ∈ S 3 . It follows that the 3-frames are precisely the 28-cliques in the graph Γ. We could have defined Γ as the "orthogonality graph," by simply joining two vertices {x, −x}, {y, −y} ∈ L 3 whenever (x, y) = 0. The effect of Lemma 7 is to remove those edges from the "orthogonality graph" which cannot be contained in 3-frames. This speeds up the computations considerably. It is clear that Aut(L) acts on the graph Γ as automorphisms, and Lemma 2 implies that the Aut(L)-orbits on the set of 28-cliques in Γ are in one-to-one correspondence with the equivalence classes of codes C satisfying A 3 (C) ∼ = L. Therefore, the classification of such codes reduces to finding a set of representatives of 28-cliques in Γ up to the action of Aut(L). This computation was performed using Magma, the results were then converted to 3-frames, and then to ternary extremal self-dual codes of length 28. In this way, by considering all 28-dimensional optimal unimodular lattices with kissing number 2240, we have all inequivalent extremal self-dual codes of length 28 by Lemma 3.
Remark 8. From the odd Leech lattice which is the unique odd unimodular lattice with minimum norm 3 in dimension 24, we can define the "orthogonality graph" as above. Classifying 24-cliques up to the automorphism group of the odd Leech lattice, we have verified that there are exactly two 3-frames in the odd Leech lattice up to conjugacy under the automorphism group. This confirms the known classification (see [16] ) of ternary extremal self-dual codes of length 24.
Results of classification
By the approach described in Section 3, we completed the classification of ternary extremal self-dual codes of length 28. The number F i (i = 1, 2, . . . , 36) of 3-frames in R 28,i (∅) is listed in Table 1 . The number N i (i = 1, 2, . . . , 36) of inequivalent extremal self-dual codes C with A 3 (C) ∼ = R 28,i (∅) is also listed in Table 1 . The last column (# Aut, N i (# Aut)) in Table 1 lists the number N i (# Aut) of the codes whose automorphism groups have order # Aut. Therefore, we have Theorem 1. As a corollary, we have the following: We investigate the previously known extremal self-dual codes of length 28. Huffman [13] showed that there are 14 and 5 inequivalent extremal self-dual [28, 14, 9] codes with automorphisms of orders 7 and 13, respectively. Denote the 14 codes with automorphisms of order 7 by H 7,1 , . . . , H 7, 14 , and the 5 codes with automorphisms of order 13 by H 13,1 , . . . , H 13, 5 , according to the order in [13, Theorem 4] . However, he did not check if there is a pair of equivalent codes H 7,i and H 13,j among these codes. We have verified that the codes H 7,2 and H 13,2 are equivalent and the codes H 7,14 and H 13,3 are equivalent.
In [8] , 16 inequivalent extremal self-dual codes which are inequivalent to any of the codes in [13] are constructed and these codes are denoted by C 28,1 , . . . , C 28,16 in [8] . We remark that the existence of some extremal ternary self-dual code of length 28 with trivial automorphism group is announced in [9] and one example of such a code is given. However, we have verified that the code with generator matrix G 28 given in [9] is equivalent to C 28,1 . Hence 33 inequivalent extremal self-dual codes are previously known explicitly. We have verified that all of these 33 codes appear in the present classification, and we list the order # Aut(C) of the automorphism group and the lattice R 28,i (∅) with A 3 (C) ∼ = R 28,i (∅) in Table 2 . For those lattices R 28,i (∅) which are not listed in Table 2 , we list a code C i with R 28,i (∅) ∼ = A 3 (C i ) where the rows of the matrix M i in a generator matrix (I, M i ) of C i are given in Table 3 . The order # Aut(C i ) of the automorphism group of C i is also listed.
The lattice R 28,35 (∅) was constructed by Nebe [19] , and it can be given simply as Λ = E 8 ∧ E 8 , where E 8 denotes the root lattice of type E 8 . The unique code C with A 3 (C) ∼ = Λ can be constructed from a 3-frame of the lattice Λ, which we shall now describe.
Let e 1 , . . . , e 9 denote an orthonormal basis of the vector space R 9 . The Z-linear span of {e i − e j | 1 ≤ i < j ≤ 9} is known as the A 8 -lattice. For a subset T of {1, . . . , 9}, we denote by e T the vector i∈T e i , and byT the complementary set of T in {1, . . . , 9}. Let T denote the set of all 3-subsets of the set {1, . . . , 9}. Then, together with the 72 roots of A 8 , the 2 
Note that f x is not uniquely determined by x, but determined up to sign. The set {±f x | x ∈ C} forms a 3-frame in the lattice Λ. One obtains an extremal ternary self-dual code of length 28 from this 3-frame of Λ. Finally, we remark that the lattice R 28,36 (∅) was first constructed in [1] , and 3-frames of the lattice R 28,36 (∅) correspond to symplectic spreads in F 6 3 , as pointed out in [2, Remark 2.1]. Consequently, our classification gives an alternative proof of the classification of symplectic spreads in F 6 3 , given in [7] . 
Covering radii and 3-designs
The covering radius R(C) of a code C of length n is the smallest integer R such that spheres of radius R around codewords of C cover the space F n 3 . For linear codes, the covering radius is the largest weight of all coset leaders of the code. The covering radius is a basic and important geometric parameter of a code. Let C be an extremal self-dual code of length 28. Then, by the sphere-covering bound and the Delsarte bound, it is known that R(C) = 6 or 7 (see [12, A t-(v, k, λ) design is a set X of v points together with a collection B of ksubsets of X called blocks such that every t-subset of X is contained in exactly λ blocks. Two designs with the same parameters are isomorphic if there is a bijection between their point sets that maps the blocks of the first design into blocks of the second design. The automorphism group Aut(D) of a t-design D is the group of all isomorphisms of D with itself. If a 3-(28, 9, λ) design exists, then λ must be divisible by 28 (see [15, p. 57] ). Hence 3-(28, 9, 28) designs have the smallest λ among 3-(28, 9, λ) designs.
By the Assmus-Mattson theorem, the supports of the codewords of minimum weight in an extremal self-dual code of length 28 form a 3-(28, 9, 28) design. We have verified that the 6,931 3-(28, 9, 28) designs obtained from the extremal self-dual codes are non-isomorphic. Thus we have the following: Proposition 11. There are at least 6,931 non-isomorphic 3-(28, 9, 28) designs.
Remark 12. We have verified that every extremal self-dual code of length 28 is generated by the codewords of minimum weight.
For every extremal self-dual code C of length 28, we have verified that the order of the automorphism group of the 3-(28, 9, 28) design obtained from C is half of the order of the automorphism group of C.
